Algebra Qualifying Exam
June, 2012

Please answer all 10 problems and show your work. Each problem is worth 20 points. In your proofs, you may
use any theorem from the syllabus for Algebra, except of course you may not use the fact you are trying to prove,
or a mere variant of it. State clearly what theorems you use. Good luck.

1. Classify the groups of order 42, up to isomorphism.

2. Letg 2 GL,(F) be an element of finite order m, where F is an algebraically closed field in which
m is nonzero. Prove that g is conjugate in GL,(F) to a diagonal matrix.
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a) Construct an irreducible complex representation V of G such that dimV > 1.

3. Let G be the subgroup of GL,(F) consisting of matrices of the form

b) Show that if W is an irreducible complex representation of G which is not isomorphic to V then
dimW =1.

4. Consider the 3 3 integer matrix 2 3

a) Determine the structure of the abelian group Z3=AZ3.

b) Find the rational canonical form of A.

5. Let R be aPID and M a finitely generated R-module. Prove that M is a flat R-module if and only
if M is a torsion-free R-module.

6. Let R = Z=18, and consider the R-modules A = Z=9; B = Z=3. Find Ext}(A; B).

7. Let f(x) 2 Z[x] be monic of degree n > 0, with roots a;;:::;a, 2 C. Leth = Q (@ a).

1 i<j n
(@) Prove that [Q(b) : Q] 2.
(b) Prove thatif b 2 Q thenb 2 Z.



8. Let K=F be any extension of fields (not necessarily algebraic). We let the automorphism group
Aut(K=F) act on K on the right, using the notation a° for the action of s on a. Let G be a sub1.9552m231(of)]TJ/F2!



